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I. INTRODUCTION 

The study of dynamic equations on time scales, which goes back to its founder Stefan Hilger [16], is an area of mathematics 
that has recently received a lot of attention. It has been created in order to unify the study of differential and difference 
equations. Many results concerning differential equations carry over quite easily to corresponding results for difference 
equations, while other results seem to be completely different from their continuous counterparts. The study of dynamic 
equations on time scales reveals such discrepancies, and helps avoid proving results twice -once for differential equations and 
once again for difference equations. 

The general idea is to prove a result for a dynamic equation where the domain of the unknown function is a so-called time 
scale, which may be an arbitrary closed subset of the reals. This way results not only related to the set of real numbers or set 
of integers but those pertaining to more general time scales are obtained. The three most popular examples of calculus on 
time scales are differential calculus, difference calculus, and quantum calculus. Dynamic equations on a time scale have 
enormous potential for applications such as in population dynamics. For example, it can model insect population that are 
continuous while in season, die out in say winter, while their eggs are incubating or dormant, and then hatch in a new season, 
giving rise to a nonoverlapping population (see Dosly et al. [10]). 

Several authors have expounded on various aspects of this new theory, see the survey paper by Agarwal et al. [3] and the 
references cited therein. The first course on dynamic equations on time scales as in Bohner et al. [7]. For advance of dynamic 
equations on time scales as in Bohner et al. [6], For completeness, we give a short introduction to the time scale calculus, 
the introduction of the paper should explain the nature of the problem, previous work, purpose, and the contribution of the 
paper. The contents of each section may be provided to understand easily about the paper. 

Definition 1.1: A time scale is an arbitrary nonempty closed subset of the real numbers M. Thus 

K,Z,N,N 0 , 

i. e., the real numbers, the integers, the natural numbers, and the nonnegative integers are examples of time scales, 
as are 

[0,1] u[2,3], [0,l]uN, and the Cantor set , while 
Q, M\Q, C,(0,1), 

i. e., the rational numbers, the irrational numbers, the complex numbers, and the open interval between 0 and 1, 
are not time scales. 

Throughout this paper, a time scale is denoted by the symbol T and has the topology that it inherits from the real 
numbers with the standard topology. 
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To reference points in the set T, the forward and backward jump operators are defined. 

Definition 1.2: For lef,, the forward operator cr : T — > T is defined by 

ait) = inf {.s' e T :s>~t}, 
and backward operator p : T — > T is defined by 

pit) = sup}.? e T :s<t}. 

If T has a maximum t* , and a minimum t' , then ait*) = t* , and pit’) = t' . When <j(t) ^ t then t is called 
right scattered. When p{t) ^ t then t is called left scattered. 

Points t such that 

pit ) <t <aif), pit ) -<t = sup T, or a(t) >- 1 = inf T, 

are called isolated points. If a time scale consists of only isolated points, then it is an isolated (discrete) time scale. 
Also, if t < supT and ait) = t, then t is called right -dense, and if t >- inf T and pit) - 1, then t is called left- 
dense. Points t that are either left-dense or right-dense are called dense. 

Finally, the graininess operator p :T — > [0,oo) is defined by pit) = ait) —t and if / : T — » R is a function, 
then the function f a '.T M is defined by 


/ <J (0 = /(cr(0) for all t e T, 


i.e f f ° is the composition function of /with G . 


Definition 1.3: Assume 


f:T ^ 


is a function and let ^ e . If t is an isolated point, then we define 


lim/(.s) = fit) 

S—>t 


and we say / is continuous at t . When t is not isolated point, then when we write 

lim fis) = L, 

s—>t 

it is understood that s approaches t in the time scale is e T , s ^ 1) . We say / is continuous on T. provided 

lim/(s) = fit) for all t e T. 

S—>t 

In particular, we have that any function defined on an isolated time scale (since all of its points are isolated 
points) is continuous. We say / : [a,b] T — > M is continuous provided / is continuous at each point in ia,b ) T , 
/ is left continuous at a , and / is right continuous at b . 


In the time scale calculus, the functions are right -dense continuous which we now define. 
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Definition 1.4: A function / : T — » M is called right -dense continuous or briefly rd-continuous provided it is 
continuous at right-dense points in T. and its left-sided limits exist (finite) at left -dense points in T. . The set of 
rd-continuous functions / : T — » R will be denoted in this paper by 


C rd =CJT) = C rd (T,R) 


In the next theorem we see that the jump operator is rd-continuous. 

Theorem 1.1 (Bohner et al. [5]): The forward operator <j : T — >T is increasing, rd-continuous, and 

<r(f) > t for all t sT, 

and the jump operator is discontinuous at points which are left-dense and right-scattered. 

Remark 1.1: The graininess function ju : T — »[0,oo) is rd-continuous and // is discontinuous at points in T 
that are both left -dense and right-scattered. 

When T = Z , the rational dynamic equation on discrete time scales 

x(a(t)) = aX ) + t e T, where a>0,b,c,cly0 and m , , m 2 > 1, 

c + d(x(t)) m '(x(p(t))r 12 


becomes the recursive sequence 


ax. 


+ bx„ 


X n + 1 = ' 




, n = 1,2,..., 


( 1 . 1 ) 


where a>0,b,c,d^0 and m x ,m 2 > 1 . 


Now, the difference equations (as well as differential equations and delay differential equations) model various 
diverse phenomena in biology, ecology, physiology, physics, engineering and economics, etc. [21]. The study of 
nonlinear difference equations is of paramount importance not only in their own right but in understanding the 
behavior of their differential counterparts. 

There is a class of nonlinear difference equations, known as the rational difference equations, each of which 
consists of the ratio of two polynomials in the sequence terms. There has been a lot of work concerning the global 
asymptotic behavior of solutions of rational difference equations [1, 2, 4, 8, 9, 11 — 15, 17-27]. 

This paper addresses, the global stability, periodicity character and boundedness of the solutions of the rational 
dynamic equation on discrete time scales 


x(cr(t)) = 


ax(t) + bx(p(t)) 

c+d(x(t)) m '(x( P m m2 


t eT, 


( 1 . 2 ) 


where a>0,b,c,dy0 and m t ,m 2 > 1 . 


When T = Z and m, =m 2 = 1 , our equation reduces to equation which examined by Yang et al. [27], 
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Also, when T = Z and m ] = m 2 = b = c = d = 1 and a = 0 , our equation reduces to equation which examined 
by Cinar [8]. 

Here, we recall some notations and results which will be useful in our investigation. 

Let 7 be some interval of real numbers and let / be a continuous function defined on 7x7. Then, for initial 
conditions x( p(t 0 )), x(t 0 ) e 7 , it is easy to see that the dynamic equation on discrete time scales 

x(cr(t)) = f(x(t),x(p(t))), teT, (1.3) 

has a unique solution {x(l) :t el} , which is called a recursive sequence on time scales. 

Definition 1.5: A point co is called an equilibrium point of equation (1.3) if 

CO = f (co, co). 

That is, x(t) = CO for t e T , is a solution of equation (1.3), or equivalently, co is a fixed point of / . 

Assume co is an equilibrium point of equation (1.3) and u = —f x(t) (co, co), and v = f ppU)) (co, co) . Then the 

linearized equation associated with equation (1.3) about the equilibrium point co is 

z*(o<0) + uz m + v ^(p( 0) = °- (! - 4 ) 

The characteristic equation associated with equation ( 1 .4) is 

A 2 +uA + v = 0. (1.5) 

Theorem 1.2 (Linearized stability theorem [18]): 

(1) If I u k 1 + v and v -< 1, then co is locally asymptotically stable. 

(2) If I u M 1 + v I and I v Ia 1, then co is a repeller. 

(3) If I u M 1 + v I and u 1 >- 4v, then co is a saddle po int . 

(4) If I u 1=1 1 + v I , then co is a non - hyperbolic po int . 

Definition 1.6: We say that a solution {.v(f) :t eT} of equation (1.3) is bounded if 

I x(t) k A for cdl t el. 

Definition 1.7: (a) A solution {.v(f) : t e T} of equation (1.2) is said to be periodic with period u if 

x(t + u) = x(t) for all 1 <eT . (1.6) 

(b) A solution {x(t) : t eT} of equation (1.3) is said to be periodic with prime period u , or u -cycle if it is 
periodic with period o and v is the least positive integer for which (1.6) holds. 

Definition 1.8: An interval 7c7 is called invariant for equation (1.3) if every solution { x( t):t eT] of 
equation (1.3) with initial conditions ( x(p(t Q )), x(f 0 )) e J xj satisfies x(t) e J for all teT. 
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For a real number x(t Q ) and a positive number R , let 0(x(t Q ), R ) = {x(t) :l x(t) — x(t 0 ) Ia R} . 


For other basic terminologies and results of difference equations the reader is referred to [18]. 

II Main Results 

2.1 Local asymptotic stability of the equilibrium points 

Consider the rational dynamic equation on discrete time scales 


x(a(t)) = 


ax(t) + bx(p(t)) 

c+d( X (t)y"(x( P m m2 ’ 


t eT, 


( 2 . 1 ) 


where a>0,b,c,dy0 and m 1 , m 2 > 1 . 


, U 

Let a = — , 
b 


c = 


U J J f LI 

— , and d = — . Then equation (2.1) can be rewritten as 
b b 


*<7(0) = ^ (0 + -* (P(0) 

c'+d\x(t)y"(xi P m mi 


(2.2) 


The change of variables y(t) = ( d') {hn x(t), m — m \ + m, , followed by the change y(t) = x(t) reduces the above 
equation to 


q + (x(t)T'(x(pm" h - 


eT, 


(2.3) 


where p = a = —, and q = c = —. Hereafter, we focus our attention on equation (2.3) instead of equation 
b b 

(2.1). Assume that, 

k k 

m, = — , and in, = — , k ] ,k 2 e Z . , and n v n 2 e Z + u{0}. 

2r7j +1 “ 2n x +1 

When m is the ratio of odd positive integers, equation (2.3) has only two equilibrium points 

a = 0, and jd = '^Jp + l-q. 

When m is positive rational number and numerator's even positive integers, equation (2.3) has unique 
equilibrium point 

a = 0 if q> p + 1, 


and three equilibrium points: 

a = 0 , P = 'yj p + l-q, and y = —'^p + l — q if p + 1 >- q. 
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2k +1 

Furthermore, suppose that, at least one of m, and m 2 = — , k 3 ,n 3 e Z + . 

2n. 

Then, in this case, we consider x{t) > 0 for all t ef. 

When q > p + 1, equation (2.3) has unique equilibrium point 

<2 = 0 . 

When p + 1 >■ q, however, equation (2.3) has the following two equilibrium points: 

<2 = 0, and (3 = p + l-q. 

The local asymptotic behavior of <2=0 is characterized by the following result. 

Theorem 2.1: 

( 1 ) If q> p + 1 , then a is locally asymptotically stable. 

(2) If q < 1 - p , then a is a repeller. 

(3) If I q — 1 1-5 p , then a is a saddle point. 

Proof: The Linearized equation associated with equation (2.3) about the equilibrium point a — 0 is 

Z(cr(t)) - l - z(t) - - z(p(t )) = 0, t e T. (2.4) 

q q 

Now, when T = 7L , then equation (2.4) becomes 

z. + r-z,--Vi = 0 ’ neZ - (2-5) 

q q 

The characteristic equation associated with equation (2.5) is 


,2 P o 1 


1" A — = 0, where z(t) = A 1 

q q 


when T = r , r>- 1, then equation (2.4) becomes 


p 1 

Z „ +1 Z „ z „-i = 0, n e N. 

' q ' q ’ 


The characteristic equation associated with equation (2.7) is 
A 2 -^-A-- = 0, where z (t) = A l ° sAn , 

q q 

when T = /zZ, then equation (2.4) becomes 


Z-h(n+ 1) Z’hn ^h(n- 1) 0, ZZ G Z. 

7 7 
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The characteristic equation associated with equation (2.9) is 


X 1 - — X- — = 0, where z(t ) = X "' , 
q q 


(2.10) 


and when T = Nq, then equation (2.4) becomes 


P 1 

Z. .,2 z 2 --z, 2 =0, ne N 0 . 

(»+!) q n q (n- 1) u 


(2.11) 


The characteristic equation associated with equation (2.9) is 

X 2 - — X- — = 0, where z(t ) = X^ . 
q q 

Hence, the characteristic equation associated with equation (2.4) is 


( 2 . 12 ) 


,2 P 0 1 


X X — = 0, for all t eT. 

q q 


(2.13) 


i P i 1 

Let u = , and v = . 


9 


9 


(1) The result follows from Theorem 1 .2 (1) and the following relations 

I u I -(1 + v) = — - (1 - — ) = LEXHxfL _<; o, and v = --^0^1. 
q q q q 

(2) The result follows from Theorem 1 .2(2) and the following relations 


and 


q q q q q q 


I v 1= — >“ 1. 

q 


(3) The result follows from Theorem 1 .2 (3) and the following relations 

iui-ii+vi=^-ii-2i=^-i^— li=^2lzi! >0 , 

q q q q q 

and | 


u 2 - 4 v = (-) 2 + -y0. 

q q 
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Now, the local asymptotic behavior of p and y are characterized by the following result, 
that heorem 2.2: Assume that 


i P , P + 2 

p + ly q, m 1 N , and m n A ■ 


p+i — q 


p + l-q 

then both [i and y are locally asymptotically stable. 

Proof : The Linearized equation associated with equation (2.3) about the equilibrium (3 is 


**» + m ' (;,+1 7>-'T w + m + /J+ i -«)-W » - 0, , E T. 

p + 1 p + 1 

Hence, the characteristic equation associated with equation (2.14) is 


(2.14) 


^2 | mfp + l-q)- p | m 2 ( J p + l-g)-l 


Let w = 


P + 1 

and v = 


P + 1 


= 0, for all t eT . 


mfp + l-q)- p _m 2 (p + l-q)-l 


p + 1 p + 1 

Then, from Theorem 1.2 (1) and the following relations 

| M |_( V + 1) | m i(P + l- < ?)~P | ( m 2 (p + l-<7)-l | /; - m, ( /; + 1 - c/) m 2 (p + l-g) + /7 


P + 1 

— rn(p + 1 — q) 

p + 1 


72 + I 


P + 1 


P + 1 


) 


NO, 


and 


= m 2 (p + !-<?)-! j 

P + 1 

we conclude that /3 is locally asymptotically stable. Similarly, we can prove that y is locally asymptotically 
stable. 

2.2 Boundedness of solutions of equation (2.3) 

In this section, we study the boundedness of solution of equation (2.3). 

Theorem 2.3: Suppose that p + 1 < q and m i is positive rational number and numeraor's even positive integers, 
i = 1, 2 . Then the solution of equation (2.3) is bounded for all t gT . 

Proof: We argue that I x(t ) In A for all t e T by induction on t. 
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Case(l): If T = 7L . Given any initial conditions I X x k A and I X () k A , we argue that I X n k A for all n e 7L by 
induction on n . It follows from the given initial conditions that this assertion is true for n = —1,0. Suppose the assertion is 
true for n — 2 and n — 1 in > 1). That is. 


I x n _ 2 k A and I x n , k A. 


Now, we consider X n , where we put n instead of (n + 1) in equation (2.3), 


I l< 


1 


\q+x:\x:> 2 \ 


(P I X n _ t I + 1 x n _ 2 l)< 


(p + 1)A 

\q+<Ux:i 2 \ 


(2.15) 


Since, 


q + <-,<-2 1 = q + K-X-2 ^q^o. 


i <i. 

+ <7 

From (2.15) and (2.16), we obtain. 


(2.16) 


I I (p + l)A 

I x n k < A for all n. 

q 

Case(2): If T = h7A ={hk'.h>- 0 and 1 £ Zj. Given any initial conditions I X_ h k A and I X 0 k A, we argue that 
1 X hn k A for all ll eZ by induction on n . It follows from the given initial conditions that this assertion is true for 
n = —1,0. Suppose the assertion is true for n — 2 and n — 1 (n > 1). That is, 

1 X Mn-2) ^ A and I -kfn-l, ^ A - 


Now, we consider X. , where we put h n instead of h(n + 1) in equation (2.3), 


1 X hn ^ 


1 


\q+ x ZV!U ) \ 


(P 1 ■%„-!) I + I -V- 2) !)-< 


(p + 1)A 


\q + x Z-A-2 ) i 


(2.17) 


Since, 


I q + X Hn-l) X Kn-2) l= 7 + <L,)-C-2, > ^ 0, 


7i(n-l)^/?(n-2) 


< — 


I . /Pi //k I 

^+V«-i) x /Hk2 ) 1 q 


(2.18) 


From (2.17) and (2.18), we obtain. 
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. . (p + 1)A 

! x hn k < A for all n. 

C 1 

Case (3): If T = Nq = {n 2 : n £ N 0 }. Given any initial conditions I X, k A and I X 0 k A , we argue that 
I X k k A for all k = n 2 , n e N 0 by induction on k . It follows from the given initial conditions that this assertion is true 
for k =0,1. Suppose the assertion is true for ill — 2)~ and (ft — l) 2 . That is, 

I x , k A and \x , , k A. 

(n- 2f (n-1) 2 


Now, we consider X , , where we put n instead of (n + 1) in equation (2.3), 


I X , l< 


1 , , , , ,, (p + V)A 

( p\x ,1 + 1 x , l)-< 

\q + x m ' -xf 1 . I {n - lf { "- 2) I q + x 

1 («-l) («-2) 1 ' 


nu 

(n-1) 2 (n-2) 2 


(2.19) 


Since, 


l= ^Ct 


1 1 

I q + x "' 2 xf 2 I qr 

1 (n-1) 2 (n-2)- 1 


(2.20) 


From (2.19) and (2.20), we obtain, 

I k ^ ^ /or a U 

q 

Case(4): If T = r N , r + 1 . Given any initial conditions I X 1/r k A and I X t k A , we argue that 

I x k k A for all k e r n , ZieN by induction on k . It follows from the given initial conditions that this assertion is true 
for k — 1/ r,l. Suppose the assertion is true for k = r" 2 o/zt/ k = r n 1 , where fieE That is, 

I x „_ 2 k A and I x k A. 

r r 

Now, we consider X 2 , where we put n instead of (/7 + 1) in equation (2.3), 


I X „ l< 


1 


I q + x m t , xf 2 I 

x r r 


(p I x „ ! I + 1 x „ 2 1) -< 


(P + 1)A 
I q + x'jUxf-^ I 


( 2 . 21 ) 


Since, 


I q + x^x?_ 2 1= q + xf x?_ 2 > q. 


P + 1 <1 


I C/ + X''' 1 ,x'" 2 , I q 


(2.22) 
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From (2.21) and (2.22), we obtain, 

I x k k — + -<; A for all k. 

q 


This completes the proof. 

(2.3) Periodic solutions of equation 

In this section, we study the existence of periodic solutions of equation (2.3). 

The following theorem states the necessary and sufficient conditions that this equation has a periodic solutions. 
Theorem 2.4: Equation (2.3) has prime period two solutions if and only if 

p + q>~ 1 and 0 -< p^l, where m t = m 2 = the ratio of odd positive integers. 

Proof: First, suppose that, there exists a prime period two solution 

of equation (2.3). We will prove that p + q >- 1 . We see from equation (2.3) that 


<p = P¥ + (P k andys = - p(p + ¥ 


q + ((p¥ ) 


q + (<P¥ ) 


k = m i = m 2 . 


Then, 


P(¥-<P) + (<P~¥) 
v ' " q ■ «P¥) k 


Since, (p — l/Z^O, 1 
Therefore, 


1 ~P 

q + (v¥) k 

q>¥ = Sjl-p-q, 


(2.23) 


and so. 


cp + ¥ 


(p + l)((p + ¥) 

q + (cp¥) k 


Hence, 


(<p + ¥)Vq - p - 1 + (<P¥) k 1 = o. 

From (2.23) and (2.24), we obtain 


(2.24) 


(<p + i//)[q - p -1 + 1- p - q] = 0. Then, (<p + 1//)(-2 p) =0. 
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Since, p >- 0, 


{(p + xp) =0. (2.25) 

It is clear now, from equation (2.23) and (2.25) that (p and I// are the two distinct roots of the quadratic equation 

t 2 + (/l - p - q -0 or t 2 + p + q- \ = 0, 

So, p + q - 1 >- 0. Then , p + q >■ 1 . 

Second, suppose that p + q >- 1 . We will show that equation (2.3) has a prime period two solutions. Assume that 

(p - yjp + q - 1 and xp = -yjp + q- 1. 

Therefore (p and \p are distinct real numbers. Set, 


x(p(t 0 )) = <p and x(t 0 ) = xp, t 0 e T. 

We wish to show that 

x(v(t 0 )) = x(p(t 0 )) = <p. 

It follows from equation (2.3) that 

, ^ = px(f 0 ) + x(/?(f 0 )) = (l-p)(/p + qr-l = (l-p)(/p + qr-l 

q + (x(t 0 )x(p(t 0 )) k q-(p + q- 1) 1-p 

Since, p ^ 1 , x(<j(t Q )) = yj p + q~ 1 = (3. 

Similarly as before one can easily show that 

x(<j(t)) = (p , where x(p(t)) = (p and x(t) = \p. 

Thus equation (2.3) has the prime period two solution 

...,(p,xp,(p,xp,..., 

where (p and I// are the distinct roots of the quadratic equation (2.3). The proof is completed. 

To examine the global attractivity of the equilibrium points of equation (2.3), we first need to determine the 
invariant intervals for equation (2.3). 

2.4 Invariant intervals and global attractivity of the zero equilibria 

In this subsection, we determine the family of invariant intervals centered at OC — 0. 

Theorem 2.5: Assume q >- p + 1 . Then for any positive real number 

A<(q-(p + l)) 1/m , 
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The interval 0(0, A) = (—A, A) is invariant for equation (2.3). 

Proof: We consider T = Z, /?Z = {hk :h>~ 0 and k e Z}, = { /i 2 : n e N 0 }, and r N , r >- 1 . 

Case (1): If T = Z . Given any initial conditions I X _ x l-< A and I x 0 I -< A , we argue that I X n k A for all n £ Z by 
induction on /; . It follows from the given initial conditions that this assertion is true for n = —1,0. Suppose the assertion is 
true for n — 2 and n — 1 (ft > 1). That is, 

I x n _ 2 k A<(q- ( p + l)) 1/m and I x n _ x k A<(q- ( p + l)) 1/m . 

Now, we consider X n , where we put n instead of (n + 1) in equation (2.3). Since, 


q + x'n\ X n -2 >-q~ A " 1 >q-(q-(p+ D) = P+\> 0 , 


P + 1 


\q+<f<+\ 


<i. 


(2.26) 


Thus, 


I X„ l< 


1 




(P I k«-l I + I X n-2 I) 


< ( Edtl )max{l x n , 1,1 x 2 1} 

I q + x„l,x„: 2 1 

-< max{ I x n _! I, I x (I _ 2 1 } -< A for all ne Z. 

Case (2): If T = /iZ = {hk : h>- 0 tine/ (eZ). Given any initial conditions I x_ h k A tt/zt/ I x 0 k A , we argue that 
1 X hn k A for all n e 7L by induction on n . It follows from the given initial conditions that this assertion is true for 
n = —h, 0. Suppose the assertion is true for n — 2 and n — 1 (n > 1). That is, 


1 */,(„- 2) k A - (<? ~(P + 1)) 17 '" and I x h , n _ X) k A < (q-(p + l)) 1,m . 


1/m 


Now, we consider X ftn , where we put h n instead of ll(n + 1) in equation (2.3). Since, 


q + X Mn-l) X h(n-2-) A '" ^ d ~ (d ~ (P + 1)) = P +1^0, 


P+1 


I 9 + ^„-l)C-2)l 


< 1 . 


(2.27) 


Thus, 
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1 X hn & 


I Q X m l X '”2 I 
1 L 1 ^ A /i(n-l) A ft(n-2) 1 

P + 1 


(p'-Wi) l + l -W2, !) 


<( )max{lx,,,„ 1 1 1,1 jc,,„ ,, 1} 

1 y ~ r x h(n-\) X h(n-2) 1 

-< max{ I x A(n _ 1) I, I X h(n _ 2) I } -< A for all n e Z. 

Case (3): If I = Nj = {/f :/ieN 0 }. Given any initial conditions \ X x \-< A and \ Xq\-< A , we argue that 
I X k l-< A for all k =n 2 , n G N 0 by induction on k . It follows from the given initial conditions that this assertion is true 
for k =0,1. Suppose the assertion is true for [n — 2)~ and (n — X) 2 . That is, 

I x (n l)2 \<A< (q - (p + l)) 1/m and I x (n l)2 \<A<(q- (p + l)) 1/m . 

Now, we consider x 2 , where we put n instead of (n + 1) in equation (2.3). Since, 

n 

q + >q ~ A ' n - q ~ (4 ~ (P + !)) = P + 1 x °’ 


I q + x’f 2 x '" 1 2 I 

1 (n-1) 2 («-2) 2 


(2.28) 


I X 2 l< (p \x , I + I X, , I) 

" k/ + x"\,x m = I ( ’>- 2) 

1 (n-l) („-2)‘ 


<( )max{lx 2 1,1 xc 2 1} 

I q + xf„ 2 xf, I ( "- 1) (n ~ 2) 

1 (n- 1) (n- 2) 

-<max{lx ,l,lx ,1 } -< A for all k = n 2 . 

1 o-l) (w-2) 2 J J 

Case (4): If T = r N , r >- \ . Given any initial conditions \ X llr \-< A and \ X x V< A , we argue that 

I X. l-< A for all k G r" , n e N by induction on k . It follows from the given initial conditions that this assertion is true 
for k = 1/ r,l. Suppose the assertion is true for k = r" 2 and k = r" 1 , where n G N. That is, 

I x„ 2 k A<(q- (p + l)) 1/m and I x „ , k A<(q-(p + l)) 1/m . 

Now, we consider x , , where we put n instead of (n + 1) in equation (2.3). Since, 

q + xk, xf 2 > q- A'" > q - (q - (p + 1)) = p + lyO, 


I q + x m ! , x ?2 I 


(2.29) 
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I X „ l< 


1 


I q + x\x"'^ I 

J r r 


( P I X „_j I + I X „_ 2 I) 


<( )max{lx„, IJ x „ , 1} 

I t ? + x"I I I x m M 

J r r 

-< max { I .v„ 1,1 x 2 \ \ < A for all n. 

This completes the proof. 

Now, we investigate the global attractivity of the equilibrium point CX = 0. 

Lemma 2.1: Assume that T = Z, q >~ p + 1, and m is positive rational number and numerator's even positive integers. 
Furthermore, suppose that 


\Um 


R = (q-(p + l)Y 

and consider equation (2.3) with the restriction that 

/ : 0(0, R ) x 0(0, R) 0(0, R). 

Let [x n } be a solution of this equation and 


*1 = 


1+ p 


Then, 


g-(max{l x_j 1,1 x 0 1})” 


i?, e (0, 1) and I x n l< R" ~ x max{ I x I, I x 0 I }, n = 1,2,. 

Proof: From Theorem 2.5, we have 

lx„k A<R, n = -1,0, 1,2,... , 

where we put n instead of ( n + 1) in equation (2.3). Then, 


(2.30) 


(2.31) 


. (2.32) 


Thus, 


Hence, 


(max {I x_, 1,1 x 0 l})"' <R m . 


qf-(max{l x_, 1,1 x 0 I})'” >- q — R =1 + p >-0. 


0-< 


1 + p 


-< I . This means that R l e (0, 1). 


^-(max{lx_j 1,1 x 0 I})'” 
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Now, we prove that (2.32), by induction on n . From equation (2.3), we have 


1 x l< (p lx ,1 + 1 X 2 1) 

n U i V m l v m 2 1 1 n ~ X n ~ 2 

1 H ^ X n-\ X n-2 1 


^(. 7 „, )max{l x j 1,1 x 2 1 } 

(2.33) 



+ max { 1 x n . , 1,1 x„_ 2 1}, from (2.26). 

(2.34) 


Then, from (2.33), we obtain 


I X, l< ( 


p + 1 


I q + x™'x"f I 


)max{l x 0 1,1 I}. 


(2.35) 


But 


\q + x™'x' n l \>q—\ x"f II x m l l> g-(max{l x 0 1,1 x_, I })'” >- q — R" = 1 + p + 0. 


Then, 


\q + x™'x m l l> r/ — ( max { I x 0 1,1 x , I})" 7 >- 0. 


From (2.35), we have 


1 *1 l - (; P + l ,n , ) maX ( 1 *0 U X-l 1 } ^ 


p + 1 


v l i nh l ' 

I <7 + x 0 'x_j I 


0 , g-(max{l x 0 1,1 x_j I})' 

< R l x max{ I x 0 I, I x , I } + 7?j 1/2 x max{ I x 0 1, 1 x_, I } , 


- max { I x 0 1,1 x_j 1} 


And from (2.33) and (2.34), we obtain 


1 *2 ^ ( , P+ *, ) maX ( 1 *1 U T 0 I } < 


P+1 


I q + xf Xq' 2 I 


-max{l x, l.l x 0 I } 


-< 


p + 1 


A 


t/-(max{max{l x 0 1,1 x_ x I } , I x 0 1}) 

p + 1 


t/-(max{l x, 1,1 x 0 I}) 

xmax{max{l x 0 1,1 x , I } , I x 0 1} 


qr-(max{l x_, 1,1 x 0 I })'' 


xmax{l x_, 1,1 x 0 1} = xmaxjl x_ t 1,1 x 0 1}. 


Thus, the inequality (2.32) holds for n = 1,2. Suppose that the inequality (2.32) holds for n — 1 and n — 2 (n > 3) , 
respectively. By (2.34), we have 


I x n l< max{ I x 0 1,1 x_j I } /or all n. 


So, 
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Ok ^ 


< 


p + 1 


1 7 + -C1-C2 1 q- 1 -Vi I'" 1 1 x„- 2 P q - (max{ I x 0 1,1 x, I })' 


= *r 


Then, from (2.33), we have 


I * ( 


p + 1 


-) max{ I x n _, 1,1 x„_ 2 !}</?, max {I x n _ x 1,1 x n _ 2 1 } 


< R j max{i?|" _1)/2 max{l x 0 1,1 x_, \},R[ n ~ 2) ' 2 max{l x 0 1.1 x_, 1} } 

< R" /2 max{/?| /2 max { I x lt 1,1 x , I } , max { I x n 1,1 x 1 1} } 

< R" n max {I x Q 1,1 x_, I}. 


This completes the inductive proof of (2.32). 

Lemma 2.2: Assume that T = /iZ = \hk : h £ (0,1) and 1 e Zj, q >- p + 1, and m is positive rational number and 
numerator's even positive integers. Furthermore, suppose that (2.30) holds and consider equation (2.3) with the restriction 
that 


/ : 0(0, R) x 0(0, R) -A 0(0, R). 

Let { X ht : h £ (0, 1) and n £ 7L } be a solution of this equation and 


*t = 


1 + p 


q - (max{ I x_ h 1,1 x 0 I}) 


(2.36) 


Then, 


R x e(0,l) and\x hi l<i?j W2 xmaxjl 1,1 jc 0 I}, n = l,2,.„ . (2.37) 

Proof: From Theorem 2.5, we have 

\x hn \<A<R, n = -1,0,1,... , 

Where we put hn instead of h(n + l) in equation (2.3). Then, 


(max{l x_ h 1,1 x Q l})" ! ■< R m . 

Thus, 


q - (max{ \x_ h 1,1 x 0 I})”' > q- R m =l + p>0. 


Hence, 


0^ 


1 + p 


-< 1. This means that R x £ (0,1). 


g-(max{l x h 1,1 x Q \}) m 
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Now, we prove that (2.37), by induction on n . From equation (2.3), we have 

5 i(P l ^(„-l) l + l ^(„-2) 1 ) 


1 X hn ^ 


I a + x mi x h I 

1 *1 ^ A /i(n-l) A /i(«-2) 1 


/7 + 1 


I a + r mi r m 2 I 
1 H ^ A /i(n-l) A /i(«-2) 1 


)max{l x h(n _ l) l\x h(n _ 2) \} 


<( 

I /7 -L ' . 

(«— 1) (n— 2) 

max {l U X h(n-i) I}. from (2.27). 


Then, from (2.38), we obtain 


1 x /- ( , /t , 1 ,,, , ) max ( 1 x o 

I q + x 0 l x_l I 


(2.38) 

(2.39) 


(2.40) 


But 


I £/ + x™ 1 xf h \>q-\xQ Wx' n l l> g-(max{l x 0 1,1 x_ h I})'” >-q-R m = l + /7l>-0. 


Then, 


I q + x'fx'f \>q — (max{ I x 0 1,1 x_ h I })'" >- 0. 


From (2.40), we have 


1 x h ^ (: — P+ m 1 m , , ) max ( 1 x o U x_ h I } < 


p + 1 


N I i m \ W) l' 

I q + x 0 x_ h I 


o ■ qr-(max{l x 0 1,1 x_ A I})' 1 

< R l x max{ I x 0 1,1 x_ h I } -< 7?, /,/2 x max{ I x 0 1,1 x_ h I } , 


-max{l x 0 1,1 x_ h 1} 


And from (2.38) and (2.39), we obtain 


77 + 1 

1 x 2 /, ^ ( , , „„ „„ , ) max{ I x h 1,1 x 0 I } < 


p + 1 


I q + x™ 1 x“ 2 I 


-max{l x, 1,1 x 0 1} 


-< ■ 


p + 1 


-< 


^-(max{max{l x () I , I x_ /! l},l x 0 I}) 

p + \ 


q-(rasLx{\x h 1,1 x 0 1}) 

xmax{max{l x 0 I , I x_ /! l},l x 0 1} 


xmax{lx_ A 1,1 x 0 1} = R { xmaxjl x_ h 1,1 x () 1} 


q-( max{lx_ /? 1,1 x 0 I}) 

+ R 2h/1 x max{ I x h 1,1 x 0 I } . 

Thus, the inequality (2.37) holds for n = 1, 2. Suppose that the inequality (2.37) holds for h(n — 1) and h ( n — 2) ( n > 3) , 
respectively. By (2.39), we have 


I x n l< max { I x 0 I, I x_ h I } for all n. 


So, 
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0 ^ 


P + 1 


< 


P + 1 


< 


P + 1 


1 <? + Xhln-lSZ- 2) 1 9- 1 X Hn-D l '"' 1 X Hn- 2) I” 2 4 “ ( maX { I *0 U 1 })” 

Then, from (2.38), we have 


= R V 


I ** l< ( 


P + 1 


I + x"' 1 X ’" 2 I 

1 H ^ A h(n-\) A h(n-2) ' 


)max{l x h(n _ X) 1,1 x h , 2) 1} 


x h(n-l)’*h(n-2) 

< R \ max {I x h(n _ V) 1,1 x h(n _ 2) I } < R ! ' max{ I x h(n _ u 1,1 x h(n _ 2) I } 

< R 1 ' ma x{R? (n - 1)n max{ I x 0 1 ,1 x_ J }, /?* ( "“ 2)/2 max {I x 0 1,1 x_, I } } 

< Z?*" 72 max { R' 1 ' 2 max{l x 0 1,1 x_ h l},max{l x 0 1,1 x_ h 1} } 

< Z? 7 '" 72 max {I x 0 1,1 x_ h I}. 

This completes the inductive proof of (2.37). 

Lemma 2.3: Assume that T = Nq = {ir : n e N 0 }, q >- p + 1, and in is positive rational number and numerator's even 
positive integers. Furthermore, suppose that (2.30) holds and consider equation (2.3) with the restriction that 

/ : 0(0, R) x 0(0, R) -+ 0(0, R). 


Let {x k k = n and n e N 0 } be a solution of this equation and 


*t = 


1 + p 


Then, 


q - (max { I x l 1,1 x 0 I}) 


(2.41) 


R l e (0,1) and\ x k \<R l xmaxjl x_ { 1,1 x 0 I}, k = 1,4,... . (2.42) 

Proof: From Theorem 2.5, we have 

I x k k A< R, k = 1,2,... , 

where we put n instead of ( n + 1) in equation (2.3). Then, 


(max{l x l 1,1 x 0 I})'” <R m . 

Thus, 


g-(max{l x, 1,1 x 0 l}) m >- q-R m = 1+ p >0. 


Hence, 


0-< 


1 + p 


-< I . This means that R x e (0, 1). 


q - (max{ I x, 1,1 x 0 1})'” 
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Now, we prove that (2.42), by induction on k . From equation (2.3), we have 
I X , l< ( p I X 2 I + I X , I) 

" \q + x"\,x mi . I ( ”- 2) 

<( )maxjlx 2 I, lx 2 I } 

iqr + x"' 1 ^x” 2 2 I (n - 1} (,, - 2) 

* (n-l) (n-2) 

-< tnax{ I x (fj _ |)2 l,lx (n _ 2)2 I}, from (2.28). 

Then, from (2.43), we obtain 

1 x i ^ ( . /t/ m „ , ) max i 1 x o '• 1 x i ' ) • 

I qr + Xo'Xj 2 I 


(2.43) 

(2.44) 


(2.45) 


But 


I q + x^'x'f l> q— I x™ 1 II xj" 2 l> q - (max{ I x 0 1,1 x { I })'” >q — R " = 1 + p >- 0. 


Then, 


\q + x'fxf 1 l> g-(maxjl x 0 1,1 x, I})'" >-0. 


From (2.45), we have 


I x, l< ( ^ + * ) max{ I x 0 1,1 x, I } < ^ + * 

I q + x'f x" i2 I q - (max { I x 0 1 , 1 x x I } )' 

< x max { I x 0 1,1 Xj 1} -< i?, 1/2 xmaxjl x 0 1,1 x, I}, 


-maxjl x 0 1,1 x, 1} 


And from (2.43) and (2.44), we obtain 


1 X 4 ^ ( , maX ( 1 X 1 U X 0 I } < 


P + 1 


\q + xf'x'f I' 


-max{l x t I , I x 0 I } 


-< 


p + 1 


-< 


g - (max { maxjl x 0 1, lx, I } , I x 0 1}) 

p + 1 


g-jmaxjl x t 1,1 x 0 I}) 

x max{/?, max{ I x 0 I, I x 1 1 }, I x 0 I } 


g-(maxjl x { 1,1 x 0 I})'” 
A R* 12 x max{ I ^ 1,1 x 0 I } . 


xR 1 xmaxjl x, I , I x 0 I } — < R~ xmaxjl x t 1,1 x 0 1} 


Thus, the inequality (2.42) holds for n = 1,2. Suppose that the inequality (2.42) holds for (jl — 1)' and (n—2) , 
respectively. By (2.44), we have 


I X [2 l< maxjl x n _ 2 1,1 X ()j _ 2i2 \} for all n e N 0 . 


So, 
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0-< 


P + 1 


< 


P + 1 


< 


P + 1 


^ + X Z-lf X Z-2f ' ^- |X (»-D= ri V2J* r 'M I))" 


= *r 


Then, from (2.43), we have 


I x 2 l< ( 


P + 1 


i q+x m ',x'; 2 , r 

1 (n-l) (n-2) 

>(n-l) 2 /2 , 


) maX {' Vt) 2 U X (n-2) 2 » ^ *1 maX f H D 


(n-l)- ’ (n-2) z 


< max {/?''' L> ' ' max { I x 0 1,1 x l I },/?/" 2) n max { I x 0 1,1 x l 1} } 
<^ 1 ( "- 2)2/2 max{lx 0 l,lx 1 1}, n = 3,4,... 

< R" /2 max{lx 0 1, lx, I}, n =1,2,... 


This completes the inductive proof of (2.42). 

Lemma 2.4: Assume that T = r N , 1 -< r < 2, q >- p + 1, and m is positive rational number and numerator's even 
positive integers. Furthermore, suppose that (2.30) holds and consider equation (2.3) with the restriction that 

/ : <9(0, R ) x <9(0, R) -+ 0(0, R). 


Let {x, :k = r n , n e N and 1 -< r < 2} be a solution of this equation and 


*x = 


1 + p 


g-(max{l x llr 1,1 Xj I})" 


(2.46) 


Then, 


i?, e (0, 1) and I x k l< R x x max{ I x l/r 1,1 x t I } . 

Proof: From Theorem 2.5, we have 

I x k k A < R, k = r n , n e N, and 1 -< r < 2, 

where we put n instead of ( ll + I ) in equation (2.3). Then, 


(2.47) 


(maxjl x 1/( . 1,1 Xj \}) m < R' n . 

Thus, 


Hence, 


qr-(max{l x Ur 1,1 Xj \}) m > q- R' n =1 + p ^0. 


0< 


1 + p 


-< 1. This means that R { e (0,1). 


£/-(max{l x 1/r 1,1 x, !})"' 
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Now, we prove that (2.47), by induction on n . From equation (2.3), we have 

1 


I X „ \< 


I q + x'" 1 , x'" 2 , I 

J r r 


( p I x „_i I + 1 x „_ 2 1) 


< ( ^ + ^ )max{l x „ , 1,1 x „_ 2 1} 

I 4 + x"I 1 1 x"M r ' 

< max { I x „ 1. 1 x „ 2 I}, from (2.29). 


Then, from (2.48), we obtain 


!*,.!<( 


p + 1 


I q + x l " !| x,7 2 r I 


)max{l x 1/r 1,1 x, I } . 


( 2 . 48 ) 

( 2 . 49 ) 


( 2 . 50 ) 


But 

I q + x” h x’y 2 r 1 ^ q~ I x" h II X\f r \>q- (max{ I x 1/r 1,1 x, I })'” >- q — R m = 1 + p >- 0. 


Then, 

I q + x’y r x[ h I >q — (max{ I x 1/r 1,1 x, I })'” >- 0. 


From (2.50), we have 


lx l<( 


p + 1 


I q + x^.x^ 2 I 


)max{l x 1/r 1,1 x, l}< 


p + 1 


■ q - (max{ I x 1/r I, I Xj I })' 

< x max{ I x 1/r 1,1 x, I } -< R\ n x max{ I x 1/r 1,1 x, I } , 


-max{l x 1/( . 1,1 Xj 1} 


And from (2.48) and (2.49), we obtain 


1 x 2 1^ ( 7 — P t . 1 . ) max ( 1 X r U X, I } < 


p + 1 


I q + x"' 1 x; 112 I 




p + 1 


-< 


<r/-(max{max{l x 1/( , 1,1 Xj I } , I x x I}) 

P + 1 „ n r/2 


maxfl x,. 1,1 x, 1} 

c/-(max{l x,. 1,1 Xj I})"' 

x max{i?j' /2 max{ I x 1/( , 1,1 x, I } ,1 x l I } 


x x maxfl x l/r 1. 1 x, I } 


r/-(max{lx ]/( . 1. 1 x, I})” 

A x /?' /2 x max{ I x Vr I, I x 1 1 } -< R[ n x R[ n x max{ I x 1/r 1,1 x, I } 
A R? rl2 x max{ I x 1/r I, I x l I } < 72 x max{ I x 1/r 1. 1 x, I } . 


Thus, the inequality (2.47) holds for k = r,r . Suppose that the inequality (2.47) holds for 
k = r" ~ and k : = r" 1 , n e N, respectively. By (2.49), we have 


I x /; l< max { I x , ; 1,1 x 2 1} for all n. 
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So, 


0 -< 


P + 1 


< 


P + 1 


< 


P + 1 


I q + x'"' ,x”’ 2 , I q — 1 x „ I"' 1 1 x „_ 2 I'" 2 q - (max{ I x 1/r 1,1 x, I })” 


= Rv 


Then, from (2.48), we have 


I X „ l< ( 


P + 1 


I q + x n \x"P I 

1 r r 


) max{ I x „ 1,1 x „ , I } < R 1 max{ I x „ 1,1 x „ 2 I } 


< max { R[ 12 max{ I x 1/( , I, I x l I } , R[ 12 max{ I x 1/r I, I x l I } } 

< i?,' ,2 xmax{lx 1/r 1,1 x, 1} }, n = 3,4,... 

< R' t 12 xmax{l x 1/r 1,1 x, I}, n = 1,2,3,... . 


This completes the inductive proof of (2.47). 

Theorem 2.6: Assume that q >~ p + 1, and m is positive rational number and numerator's even positive integers. 
Furthermore, suppose that (2.30) holds, and consider equation (2.3) with the restriction that 

/ : <9(0, R) x <9(0, R) -+ 0{ 0, R). 


Then the equilibrium point CC — 0 of the equation (2.3) is a global attractor. 

Proof: From Lemmas 2 .1, i = 1,2,3, 4, x(t) —><2=0 when t — >oo, then the equilibrium point (2=0 of the 
equation (2.3) is a global attractor. 

Next, we determine the family of invariant intervals centered at /? = '^(p + 1) — q when p + 1 >- q. 


2.5 Invariant intervals and global attractivity of the nonzero equilibria 

In this subsection, we consider the discrete time scales 


T = Z, h Z = {hk : h >- 0 and k e Z}, = {n : n e N 0 }, r IJ , r >- 1, 771 , = zrz 2 = 1, and (p + l)> q . 

This means that, we determine the family of invariant intervals centered at /? = J(p + 1) — q when p + 1 >- q. To this 
end, we establish the following relation. 


x(<j(t)) 


p __ px(t) + x(p(t)) pfi + (3 
q + x(t)x(p(t )) q + J3 2 

_ ( px(t) + x(p(t)) pfi + x(p(t)) | pP + x(p(t)) 
q + x(t )x(p(t )) q + j3x(p(t )) q + /3x{p{t )) 

= Pi-xHpW) W() _ p) 

iq + x{t)x(p(t)))(q + fdxipit))) 


+ 


q-pp 2 

(q + px{p{t))){q + p 2 ) 


(x(p{t))-p). 


pP + P 
q + P 2 


In view of P = p + \~ (/, the above equality is reduced to 
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x(cr(t))-j3 = 


pq-x 2 (p(t )) 


(q + x(t)x(p(t)))(q + px{p{t))) 

q-p 


C x(t)-j3 ) 


q + px(p(t)) 


(X(p(t))-J3). 


Thus, 

\x(cj{t))-p\<\ 


pq-x 2 (p(t )) 


(<7 + x(t)x(p(t)))(q + px(p(t))) 
q-p 


\\x(t)-p\ 


+ 1 ; r Ux(p(t))-P\ 

q + px(p(t)) 

pq — x 2 (p(t)) 


<(l 


l + l 


q-p 


(q + x(t)x(p(t)))(q + J3x(p(t))) q + fix(p(t)) 
x max{ I x(p(t)) - P 1 ,1 x(t) - P I } . 


I) 


Consider the function 


g(x,y) = 


pq-y~ 


(q + xy)(q + py) ( q + py) 

The following result is obvious. 


1 P 5 1 , x >- 0, ye(0,Jpq). 


Lemma 2.5: The function g is strictly decreasing in x and decreasing in y . 

Consider the function 

h{x) = g(x,x) = — — + — - — — , xe(0 ,Jpq). 

(. q + x 2 )(q + Px ) (^ + y0x) V 

We have the following result. 

Lemma 2.6: Assume that q> p. Then, h(x) 1 for X 6 (0 ,^J pq ). 

Proof: Clearly, ll is strictly decreasing in x . Since q > p, then 


h(x) = Pq ~ X , + - 


+ x 2 )(g + Px) (q + Px) 

The result follows from h( 0) = 1 . 

Now, we are ready to describe the family of nested invariant intervals centered at p . 


(2.51) 


(2.52) 


Theorem 2.7: Assume that max{l, p) -< q -< p + \. 
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i- If q > 


4(p + l) 

4 + t i 


then for every positive number A < /?, the interval 


0(j8,A) = (j8-A,jB + A ) 


is invariant for equation (2.3). 


4(p + 1) / — 

i- If q -< , then for every positive number A< J pq — p, the interval 

4 + p 


0(J3,A) = (J3-A,J3 + A) 


is invariant for equation (2.3). 

Proof: First, we note that 

pq - P 2 = pq - [(p + 1) - q] = (1 + p)(q - 1) 0. 
That is, P between 0 and -yj pq. Now assume 


A<rnm{p,Jpq-p}={ 


PR-P 


if 


if <l< 


4(p+I) 

4 +p 

4(p+l) 

4 +p 


Case (1): If T = 7L , given any initial conditions 

I x_j - P k A and I x 0 - P k A, 


we argue that 


I x n — p\< A for all n by induction on n. 


The proof is similar to the proof of Theorem 4.4 in [27 ] and will be omitted. 
Case 2: If T = hZ, given any initial conditions 

I x_ h - p\< A and I x 0 - P k A, 


we argue that 


I x hn - P k A for all n by induction on n. 
It follows from the given initial assertion is true for n = — 1, 0. 

Suppose the asseration is true for h{n — 2) and h(n —1). . That is. 


X Mn - 2) ~P k A and 1 X Mn U ~ P\< A. 


Now, we consider X hn where we put hn instead of h(jl + 1) in equation (2.51), Lemma 2.5 and Lemma 2.6, we have 


Page 
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(I 


P C 1 X h(n-2) 


l + l- 


q-p 


( q + X h(n-l) X h(n-2) )(q + P X h<n- 2 )) C I + P X h(n 


l)xmax{l x A(n _ 1} — p\,\ x h(n _ 2) — f3\) 


h(n— 2) 


h(n-2) 


pq x h(n _ 2) 


+ — CJ —^- — ) x max{ I x h(n _ V) -p\,\ x h(n _ 2) ~/3\} 


<( 

(q + 

X h(n-l) X h(n-2) )(q + P X h ( n- 2 )) q + P X Hn- 2 ) 

^ #(-*/, ( »-d ’ x / !( »- 2 ) ) x max{ I x h(n _ t) -p\,\ x h(n _ 2) -p\} 

< ,g(min{x /l{l) _ 1) , x ;i(II _ 2) } , min{x /?(ll _ 1) , x h(n _ 2) }) x max{ I x h(n _ X) -p 1,1 x h(n _ 2) -p 1} 

< h(mm{x Mn l) , x„ (n _ 2) }) x max{ I x h(n _ t) ~p\,\ x h(n _ 2) - p I } 

< max{ I x h(n _ X) -p 1,1 x A( „_ 2) - P I } A. 


This completes the inductive proof. 

When T = Nq and r ' 1 , r >- l, the proof will be omitted. 

By an analogous argument to that for Theorem 2.7, we can obtain the following result about the family of nested 
invariant intervals centered at y . 


Theorem 2.8: Assume that max{l, p] < q -< p + \ . 


i- If q > 


4(p+l) 

4 + t 2 


then for every positive number A <1 y I, the interval 


0(y,A) = (y-A,y + A) 


is invariant for equation (2.3). 


ii- If q -< 


4(p + l) 
4 + p 


ien for every positive number A < pq — I y I, 


the interval 


0(y,A) = (y-A,y + A) 

is invariant for equation (2.3). 

Now, we investigate the global attractivity of the equilibrium point /3 and y. 

Lemma 2.8: Assume that T = Z, and max{l, p) -< q -< p + \ . Suppose that 

R - min{p,Jpq - ft}, (2.53) 

and consider equation (2.3) with the restriction that 

f:0(P,R)xO(P,R)^> 0(P,R). 


Let {x ;l } be a solution of this equation and 
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pq-x o 


(q + x 0 )(q + J3x 0 ) q + /3x 0 
pq-xl 


+ — — — if I x_, - f l<l x 0 - p l&x 0 < /?, 


q-p 


M ={ 


(q + (2 P - x 0 ) )(q + p{2p- x 0 )) q + p{2p-x 0 ) 


if I x_ x - P l< I x 0 - P I & x 0 > P, 


pq - x_ 


pq - x 


! q-p 

(q + x\ )(q + Px , ) q + px_ x 

q-p 


(q + (2 p - x_P )(q + p(2p- )) q + p(2p- x_, ) 


if I X_, - /? l> I x 0 - P I & X_, < P , 


i/ 1 I x_j -P l>l x 0 -/? 1 & x j > p. (2.54) 


Then, 


M g(0,1) and\x n -/? I<M" /2 xmaxjl x_ t -/?l,l x 0 -/? I}, n = l,2,.„ . (2.55) 

The proof is similar to the proof of Lemma 6.1 in [27 ] and will be omitted. 

Lemma 2.9: Assume that T = /iZ = {hk : h G (0,1) anJ ^eZ), max{l, />} -< q -< p+1. Suppose that (2.53) 
holds and consider equation (2.3) with the restriction that 

f:0(P,R)x0(P,R)^0(P,R). 


Let { Xf m : h G (0,1) and n G Z } be a solution of this equation and 


M = { 


pq~ x o | q-p if \ x 

(q + Aj )(q + P* o ) ^ + Mi 

pq-xl | g-p 

(<? + (2/? - x 0 ) 2 )(<? + /?(2/? - x 0 )) q + p(2p-x 0 ) 

P4- x -* + «~P jf \ x - 

(q + x 2 h )(q + px _ h ) q + px_ h 


P l< I X 0 - P I & X„ < /?, 


('/' I AT,, - P l<l X„ ~p l&X 0 > P, 


P\>\ x 0 ~p\&x_ h <P, 


pq-x\ | q-p 

(q + (2 P- x_ h f){q + p{2p- x _ h )) q + p{2p-x_ h ) 


if \x_ h -p\>\x 0 -p\&x_ h >p. 


(2.56) 


Then, 


M g (0, 1) atid\x lm -p\<M hn ' 2 xm 2 Lx{\x_ h -p\,\x 0 -p\}, n = 1,2,... . (2.57) 

Proof: The result that M G (0,1) follows from Lemma 2.6. Next, we prove equation (2.57) by induction on n. First, set 


P~x 0 if \x_ h -p\<\x 0 ~p\&x 0 <p, 

A = t X o~fl f 1 x -h -P 1^1 *o ~P l & X 0 > P, 

P - x_ h if I X_ h - P l> I x 0 - P I & x_ A < P , 

■T-/i -P f I - P l< I X 0 - P I & X_, > p. 
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Then, A< J3. By Lemma 2.5 and Theorem 2.7, we derive that for all n , 


PQ~ X h(n 


h(n—2) 


q-p 


(q + 

X h(n-Y) X h(n-2) )(q + P X Mn- 2 )) C l + P X . 


■<M, 


h(n- 2)> 


v h(n- 2) 


where we put hfl instead of h(n + 1) . By equation (2.51), we have 


_ 2 _ 

I x, - p l< (I — — — 1 + 1 — — — I) x max{ I Xr, - P 1,1 x h - p I } 

(q+WKn-Jiv+fc-H) q+P x - h 

< M x max{ I x 0 - P 1,1 x_ h - P I } 

<M hl2 xmaxjl x 0 - p 1,1 x_ h - P I}, and 


\x 2h -p\<(\- pq p l + l xmaxjl a: 0 - p\.\x h - /3\\ 

(q + x Q x h )(q + P x 0 ) q + Px 0 

< M xmaxjl x Q - p\,M xmax{l x 0 - P 1,1 x h - P 1} } 

< M x max{ I x 0 - P 1,1 x h - P 1} 

<M 2hl2 xmax{\x 0 -p 1,1 x h -/?!}. 


So equation (2.57) holds for n = 1, 2. Suppose that equation (2.57) holds for h(n - 1) and h(n- 2), respectively. 

By the inductive hypothesis, we have 

2 




P C l X h(n—2) 


q-p 


(q + x, 


7t(«-l)^/t(n-2)> 
h(n- 1)/2 


)(q + P x Mn - 2 )) q + P x i 


)xmax{\x h(n _ 1) -p\,\x h(n _ 2) -p\} 


h(n-2) 


< M ma x{M 

< M h max{M 


h(n—l)/2 


x max{ I x 0 - P 1 ,1 x_ h - P I } , M 
xmaxjl x 0 -p\,\ x_ h -/?!}, M 


h(n-2)/2 


h(n- 2)12 


x maxj I x 0 - P 1,1 x_ h - P I } } 
x maxj I x 0 - P I, I x_ h - P I } } 


<M nbn max{M ;,// xmaxjl x 0 - P 1,1 x_ h - P I }, maxj I x 0 - p\, \ x_ h - p\}} 


r /i/2 


< M maxj I x 0 - /? I, I v_ ;i - /? I } . 


This completes the inductive proof of equation (2.57). 


Lemma 2.10: Assume that T = Nq = {/!“ I/IsNq}, and max { 1, p} X £/ -< p + 1. Suppose that (2.53) holds and 
consider equation (2.3) with the restriction that 

f:0(P,R)x0(P,R)^0(P,R). 


Let {x,\k = n and n £ N () } be a solution of this equation and 
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pq-x o 


(q + X~ )(q + J3x 0 ) q + px 0 
pq-xl 


+ — — — if I x t -p l<l x 0 -p \&x 0 < J3, 


q-p 


M = { 


(q + ( 2 y? - x 0 ) )(q + p(2p - x 0 )) q + p(2p-x 0 ) 


if I x t - P l< I x 0 - P I & x 0 > p. 


pq ~ x, 


pq-x; 


(q + XyXq + pXy) q + px ] 

q-p 


+ — — — if I x 1 - P l> I x 0 - p I & x x < P , 


(■ q + (2/? - ^ ) )(q + p(2p - Xj )) q + p(2p-xp 


if I Xj - p\>\ x 0 - p\Scx l > p. (2.58) 


Then, 


M e (0,1) and\ x k - p\<M k ' 2 xmaxjl x x — p\,\ x 0 ~p\), k = 1,4,... . (2.59) 

Lemma 2.11: Assume that T = r l ', 1 -< r < 2, max{l, p} -< q -< p + 1. Suppose that (2.53) holds and consider 
equation (2.3) with the restriction that 

f:0(P,R)x0(P,R)^0(P,R). 


Let {x k :k = r n , l-A r < 2, and n £ N} be a solution of this equation and 


pq x x + q p if | x ^ r _p |<| X| ^ 


(q + x, )(q + px, ) q + px x 
pq-x 2 , q-p 


M = { 


(q + (2p-x 1 ) )(q + P(2p-xP) q + p{2p-x x ) 


if I x 1/r - P l< I Xj - P I & Xj > P , 


pq-x; lr | g-p 
(q + *i 2 /r )(? + A/,- ) q + P x w 
pq-xl lr , < 7 -/? 


(q + (2p-x l/r ) )(<? + P(2p-x Ur )) q + P(2p-x Ur ) 


if I *i/ r ~P 1^1 *i l&Xi/ r < /?, 


if I x 1/r - P l>l - P l&x 1/r > p. (2.60) 


Then, 

M e (0,1) and\x k — P \<M kn ~ xmaxjl x 1/( . — I , I Xj — I }. (2.61) 

Theorem 2.9: Assume that max{l, p) ■< q ■< p + 1, and (2.53) holds. Consider equation (2.3) with the restriction that 

f:0(P,R)x0(P,R)^0(P,R). 

Then the equilibrium point P of the equation (2.3) is a global attractor. 

Proof: From Lemmas 2 i, i =8,9,10,11, we obtain x(t) — > P when t — > oo, then the equilibrium point p of the 
equation (2.3) is a global attractor. 

At the end of this section , we can establish the following results related to the global attractivity of y . 
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Lemma 2.12: Assume that T = Z, and max{l, p] <q ■< p + 1. Suppose that 

R = min{ I y I, Jpq- \y\}, (2.62) 

and consider equation (2.3) with the restriction that 

f:0(r,R)x0( r ,R)^0(r,R). 


Let { X n } be a solution of this equation and 


N = { 


PpA + JLJf- if | jc j — 

(q + x 0 )(q + yx 0 ) q + yx 0 

pq-x o q ~ P 

(q + (2 y - x 0 ) 2 )(q + y(2y - x 0 )) q + y(2y - x 0 ) 


pq-xii | q~p 
(q + x\)(q + yx_ x ) q + yx _ , 


if I x , 


y\<\x 0 - 
if I x , 
-y\>\x 0 - 


y\&x 0 <y, 

-y\<\x 0 -y\&x 0 >y. 


y\&x_ t <y. 


pq - x~_ 


q-p 


(q + (2y-x_ l ) )(q + y(2y-x_ 1 )) q + y(2y-x_ 1 ) 


if I x_ x -y l>l x 0 —y \Scx_ l > y. (2.63) 


Then, 


N and\x n - l3\<N nl2 xmax{\x_ x -y\,\x Q -y\), n = l,2,... . (2.64) 

Lemma 2.13: Assume that T = liL = {hk : h e (0,1) and ^gZ), and max{l, p} -< q -< p+1. Suppose that (2.62) 
holds and consider equation (2.3) with the restriction that 

f:0(y,R)x0(y,R)^0(y,R). 


Let { X, : h G (0,1) and HgZ} be a solution of this equation and 


pq-x o 


(qr + Xo)(cy + rx 0 ) <? + rx 0 


+ ^ p 1/ lx_ /l -/l<lx 0 -/l&x 0 </, 


iV = { 


pq -* 0 


q-p 


(q + (2y-x 0 ) )(q + y(2y-x 0 )) q + y(2y-x 0 ) 


if \x_ h -y\<\x 0 -y\&x 0 >y. 


pq - x 


(q + x 2 h ){q + yx_ h ) q + yx_ h 


+ q P if I x_ h -y\>\ x 0 -y \&x_ h < y. 


pq - x 


q-p 


(q + (2 y - x_ h ))(q + y(2y - x _ h )) q + y(2y - x _ h ) 


if 1 x - h ~y\>\x Q -y\& x_ h >y. (2.65) 


Then, 


N e (0,1) and \x, m -y\< ./V ,m/2 xmaxjl x_ h -y\,\x 0 -y\], n = 1,2,... 


( 2 . 66 ) 
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Lemma 2.14: Assume that T = Nq ={n )l £E N 0 } , and mtlX { 1 , /? } -< cy A p + \ . Suppose that (2.62) holds and 
consider equation (2.3) with the restriction that 

f:0(y,R)x0(y,R)^0(y,R). 


Let {x, :k=n Cind H € N (i } be a solution of this equation and 


pq-X- 


(cj + x 0 )(q + yx 0 ) q + yx 0 


+ — — — if \x l -y\<\x 0 -y\&x 0 <y. 


N = { 


pq-x o 


q-p 


(q + (2 y - x 0 ) ){q + y(2y - x 0 )) q + y(2y - x 0 ) 


if I -*i ~y 1^1 x 0 - y \&x 0 > y. 


pq-x; 


(q + x, )(q + yx } ) q + yx x 


a — p 

H if \x l -y\>\x 0 -y\&x l <y. 


pq-x; 


q-p 


(q + (2y- X x y\q + y(2y- x, )) cy + p (2/ - x, ) 


if \ x { -y \>\ x 0 - yl&x^ y. (2.67) 


Then, 

./Ve(0,l) atid\x k -y\<N kl2 xmax{\x l -y\,\x 0 -y\}, k = l,4,— ■ (2.68) 

Lemma 2.15: Assume that T = r N , 1 -< r < 2, arte/ max{l, y?} -< q -< y?+l. Suppose that (2.62) holds and consider 
equation (2.3) with the restriction that 

f:0(y,R)x0(y,R)^0(y,R). 


Let {x k k — r" , 1 -< r < 2, tl/Zt/ n G N} be a solution of this equation and 


Pq A ‘ + q P if \x Vr -y \<\x 1 -y \&x l <y. 


(cy + x, fq + yxd q + yx 1 

pq-x l , q~P 


N = { 


(q + (2y - x,) )(q + y(2y - x,)) cy + /(2/ - x,) 


if \x 1/r -y\<\x l -y\&x l >y. 


P<1 Xur + q P if \x 1/r -y\>\x 1 -y\&x l/r <y. 


pq-x; 


( q + x llr )(q + yx l/r ) q + yx Ur 
q-p 


(q + (2 y - x Vr )-){q + y(2y - x 1/r )) q + y(2y - x llr ) 


if I x llT -y l>l x, - / l&x 1/r > y. (2.69) 


Then, 


iV e (0, 1) and I x k - y l< (V A/2 x max{ I x l/r - y I, I Xj - y I } . (2.70) 

Theorem 2.10: Assume that max{l, /?}-<£/—< p + 1, and (2.62) holds. Consider equation (2.3) with the restriction that 


f:0(y,R)xO(y,R)^0(y,R). 
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Then the equilibrium point y of the equation (2.3) is a global attractor. 


Proof: From Lemmas 2.1, i = 12,13,14,15, we obtain x(l) — > y when t — > oo, then the equilibrium point y of the 
equation (2.3) is a global attractor. 


I thank my teacher Prof. E. M. Elabbasy. 
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